In the present paper, some sufficient and necessary conditions for two frames Φ = (ϕ n ) n and Ψ = (ψ n ) n under which they are approximately or generalized dual frames are determined depending on the properties of their analysis and synthesis operators. We also give a new characterization for approximately dual frames associated with a given frame and given operator by using of bounded operators. Among other things, we prove that if two frames Φ = (ϕ n ) n and Ψ = (ψ n ) n are close to each other, then we can find approximately dual frames Φ ad = (ϕ ad n ) n and Ψ ad = (ψ ad n ) n of them which are close to each other and T Φ U Φ ad = T Ψ U Ψ ad , where T Φ and T Ψ (resp. U Φ ad and U Ψ ad ) are the analysis operators (resp. synthesis operators) of the frames Φ and Ψ (resp. Φ ad and Ψ ad ), respectively. We then give some consequences on generalized dual frames. Finally, we apply these results to find some construction results for approximately dual frames for a given Gabor frame.
Introduction and some prerequisites
Throughout this paper, we denote by H a separable Hilbert space with the inner product " ·, · " and for basic notations and terminologies on the theory of frames for H, we shall follow [5] . Recall that a sequence Φ = (ϕ n ) n ⊆ H is a frame for H, if there exist constants m Φ , M Φ > 0 such that for all f ∈ H
where m Φ , M Φ are called frame bounds. Moreover, the sequence Φ = (ϕ n ) n is called a Bessel sequence for H, if only the second inequality of (1) holds. Let also, the space ℓ 2 is defined as usual and we denote its canonical orthonormal basis by ∆ = (δ n ) n . Moreover, the notation B(H) (resp. B(H, ℓ 2 )) is used to denote the collection of all bounded linear operators from H into H (resp. ℓ 2 ). It is well-known that the Bessel sequence Φ = (ϕ n ) n gives three operators which plays a crucial role in the theory of frames; In what follows, the notation • U Φ : H −→ ℓ 2 is used to denote the analysis operator of the Bessel sequence Φ and defined by U Φ (f ) := ( f, ϕ n ) n for all f ∈ H, • T Φ : ℓ 2 −→ H is used to denote the synthesis operator of the Bessel sequence Φ and defined by T Φ ((c n ) n ) := ∞ n=1 c n ϕ n for all f ∈ H, • S Φ : H −→ H is used to denote the frame operator of the Bessel sequence Φ and defined by S Φ (f ) := ∞ n=1 f, ϕ n ϕ n for all f ∈ H. Note that T * Φ = U Φ , where T * Φ is the adjoint of the operator T Φ . Furthermore, if Φ is a frame, then S Φ is a bounded, invertible, self-adjoint and positive operator such that any f ∈ H can be expressed as
From now on, the notation Φ is used to denote the sequence ( ϕ n ) n which defined by ϕ n := S −1 Φ (ϕ n ) for all n ∈ N, and it is called the canonical dual frame of Φ. Moreover, for the frame Φ which is not a Riesz basis, there exists infinitely many sequences Φ d = (ϕ d n ) n such that the following reconstruction formula is hold for all
see Theorem 5.2.3 of [5] . Recall that the sequence Φ d which satisfies the inequality (3) is called the dual frame of Φ. In terms of the operators T Φ and U Φ d , the equality (3) means that
, where here and in the sequel, Id H is the identity operator on H. Approximately dual frames as an applicable and interesting duality principle in the theory of frames was introduced by Christensen and Laugesen in [7] . Here it should be noted that, the idea of approximately dual frames can be found in Gabor systems [2, 13, 24] , wavelets [3, 15, 17] , coorbit theory [11] and sensor modeling [22] , before they introduce it. Moreover, their paper initiated a series of subsequent publications (see for example [3, 8, 10, 12, 14, 20, 21] ) and has had a great impact. In fact, they said that two Bessel sequences Φ = (ϕ n ) n and Φ ad = (ϕ ad n ) n are approximately dual frames if Id H − T Φ U Φ ad < 1 or Id H − T Φ ad U Φ < 1. It follows that, the operator A = T Φ U Φ ad is invertible and any f ∈ H can be expressed as
Recently, another generalization of duality principle in the theory of frames has been proposed by Dehghan and Hasankhani-Fard [8] . Let us recall from [8] that, the frame Φ gd = (ϕ gd n ) n is a generalized dual frame or g-dual frame of Φ with corresponding invertible operator (or with invertible operator) A ∈ B(H), if we have the following inequality for all
In terms of the operators T Φ and U Φ gd , the equality (5) means that T Φ U Φ gd = A −1 . It follows that the operator A in (5) is unique. Moreover, a simple observation shows that if two frames are approximately dual frames, then they are g-dual frames. Although this is not unexpected, Example 4.1 of [8] illustrated that the set of approximately duals of a frame is a proper subset of the set of its g-duals. Moreover, recall from [8, Theorem 3.1] that the set of all g-dual frames of the frame Φ with corresponding invertible operator A * S −1
Φ are precisely the sequences of the from
where Ψ = (ψ n ) n is a Bessel sequence in H and A ∈ B(H) is an invertible operator; In particular
Φ . In the present work, we introduce a general method of constructing approximately duals (resp. g-duals) frame for a given frame and given operator by using of bounded operators which our explicit construction can be easily applied for Gabor frames. We then show that for a perturbed frame, one can construct always an approximately dual (resp. g-dual) frame which is close to the approximately dual (resp. g-dual) frame of the original frame. Finally, we show that by choosing an appropriate dual generator for a Gabor frame provides more precise results.
The basic results
We commence this section with the following result which gives a sufficient and necessary condition for two frames Φ and Ψ under which they are g-dual frames. To this end, recall that every bounded and positive operator C : H → H has a unique bounded and positive square root C Proof. The proof of the "only if" part is trivial. To prove the "if" part, suppose that Ψ is a g-dual frame of Φ. Observe that
for all f ∈ H; Indeed,
Proof. First, assume that Φ ad = (ϕ ad n ) n is a sequence in H such that
where Θ ∈ ran B(H,ℓ 2 ) (T Φ ) and D is a bounded operator on H for which Id H − S Φ ϕ n ) n is a tight frame with frame bound equal to 1, we can see easily that Φ ad is a Bessel sequence with Bessel bound M Φ ad = D 2 + Θ 2 + 2 D Θ . We also observed that
This is because of,
for all f ∈ H, where (Θf ) n is the nth term of the sequence Θf . Moreover,
for all f ∈ H. We now invoke Lemma 2.2 to conclude that Φ ad is an approximately dual frame of Φ. Conversely, let Φ ad = (ϕ ad n ) n be an approximately dual frame of Φ = (ϕ n ) n with Bessel bound M Φ ad . Then, in view of Lemma 2.2, there exists an invertible operator
Observe that the operator Θ is in ran B(H,ℓ 2 ) (T Φ ). Moreover, for each n ∈ N we have
and this completes the proof.
As applications of Theorem 2.3, we have the following two results which gives a construction result for approximately dual frames associated with a given frame and given operator. Theorem 2.4 Let Φ = (ϕ n ) n be a frame for H with Bessel bound M Φ , and let D be an operator
is an approximately dual frame of Φ for which
Φ D, where Θ is an arbitrary element of ran B(H,ℓ 2 ) (T Φ ).
Proof. Note that
So, the proof will follow from Theorem 2.3.
Theorem 2.5 Let Φ = (ϕ n ) n be a frame for H, and let A be an operator in B(H) such that Id H − A < 1. Then, the Bessel sequence Φ ad = (ϕ ad n ) n is an approximately dual frame of Φ for which T Φ U Φ ad = A if and only if there exists Θ ∈ ran B(H,ℓ 2 ) (T Φ ) such that ϕ ad n = A * ϕ n + Θ * (δ n ) for all n ∈ N.
The following two corollaries illustrate the construction given in Theorems 2.4 and 2.5, which are very applicable for the construction of approximately dual Gabor frames with a desired approximation rate. Here it should be noted that, if Φ and Ψ are approximately dual frames, then we say that they have approximation rate 0
Corollary 2.6 Let Φ = (ϕ n ) n be a frame for H with Bessel bound M Φ and a dual frame
Corollary 2.7 Let Φ = (ϕ n ) n be a frame for H with a dual frame
Let also A be a bounded operator on H such that Id H − A < 1. Then, the sequence Φ ad = (ϕ ad n ) n defined by
is an approximately dual frame of Φ for which T Φ U Φ ad = A.
In the following, we use the perturbation idea to construct approximately dual frames. The notation Φ − Ψ (resp. Φ ad − Ψ ad ) in this theorem denotes the sequence (ϕ n − ψ n ) n (resp. (ϕ ad n − ψ ad n ) n ).
Theorem 2.8 Let Φ = (ϕ n ) n and Ψ = (ψ n ) n be two frames for H and let Φ ad = (ϕ ad n ) n be a fixed approximately dual frame of Φ. If Φ − Ψ is a Bessel sequence with sufficiently small bound M Φ−Ψ , then there exists an approximately dual frame Ψ ad = (ψ ad n ) of Ψ such that Φ ad − Ψ ad is also a Bessel sequence and its bound is a multiple of M Φ−Ψ . In particular,
Proof. In view of Theorems 2.3 and 2.5, there exists an operator A in B(H) and Θ ∈ ran B(H,
A routine computation shows that the sequence Ω is a Bessel sequence. Moreover, for each f ∈ H we have
Therefore,
f , for all f ∈ H. Hence, the operator C := T Ω U Ψ A * −1 is invertible for sufficiently small M Φ−Ψ > 0.
In particular, the operator T Ψ U Ω is invertible and for each f ∈ H we have
It follows that Ψ ad := (C −1 ω n ) n is a frame for H such that T Ψ U Ψ ad = A and therefore Ψ ad is an approximately dual frame of Ψ. Now, the proof will be completed if we show that Φ ad − Ψ ad is also a Bessel sequence and its bound is a multiple of M Φ−Ψ . To this end, we note that
and
Moreover, for all (c n ) n ∈ ℓ 2 and all f ∈ H we have
Hence,
where, m Φ , M Φ and m Ψ , M Ψ are the bounds of the frames Φ and Ψ, respectively. It follows that the sequence Φ ad − Ψ ad is a Bessel sequence with Bessel bound
and this completes the proof; Indeed,
An argument similar to the proof of Theorems 2.3, 2.5 and 2.8 with the aid of Lemma 2.1 gives the following generalization of that theorems. The details are omitted.
Theorem 2.9 Let Φ = (ϕ n ) n be a frame for H and let A be an invertible operator in B(H). Then Φ gd = (ϕ gd n ) n is a g-dual frame of Φ with corresponding invertible operator A ∈ B(H) if and only if there exists Θ ∈ ran B(H,ℓ 2 ) (T Φ ) such that ϕ gd n = A −1 * ϕ n + Θ * (δ n ) for all n ∈ N.
Theorem 2.10 Let Φ = (ϕ n ) n and Ψ = (ψ n ) n be two frames for H and let Φ gd = (ϕ gd n ) n be a fixed g-dual frame of Φ with corresponding invertible operator A. If Φ − Ψ is a Bessel sequence with sufficiently small bound M Φ−Ψ , then there exists a g-dual frame Ψ gd = (ψ gd n ) n of Ψ such that Φ gd − Ψ gd is also a Bessel sequence and its bound is a multiple of M Φ−Ψ . In particular,
Since each frame Φ is a g-dual frame for itself with corresponding invertible operator S −1 Φ , hence an argument similar to the proof of Theorem 2.8 with the aid of Theorem 2.10 gives the following result. Theorem 2.11 Let Φ = (ϕ n ) n and Ψ = (ψ n ) n be two frames for H. Let also M Φ−Ψ is the Bessel bound of the Bessel sequence Φ − Ψ. Then there exists a g-dual frame Ψ gd = (ψ gd n ) n of Ψ such that Φ − Ψ gd is also a Bessel sequence, its bound is a multiple of M Φ−Ψ and T Ψ U Ψ gd = S Φ . Now, let Φ = (ϕ n ) n and Ψ = (ψ n ) n are Riesz bases with Bessel bounds M Φ and M Ψ , respectively. Then, there exists an invertible operator D on H such that Dϕ n = ψ n for all n ∈ N. Observe that the sequence Φ − Ψ is a Bessel sequence with Bessel bound
Indeed, if (c n ) n is an arbitrary element of ℓ 2 , then on the one hand we have
and on the other hand, by the same argument we can see that
Hence as an immediate corollary from Theorem 2.11, we have the following result.
Theorem 2.12 Let Φ = (ϕ n ) n and Ψ = (ψ n ) n be two Riesz bases for H with Bessel bounds M Φ and M Ψ , respectively. Then Φ − Ψ is a Bessel sequence with Bessel bound
where D is an operator such that Dϕ n = ψ n for all n ∈ N. Moreover, there exists a g-dual frame Ψ gd = (ψ gd n ) n of Ψ such that Φ − Ψ gd is also a Bessel sequence, its bound is a multiple of M Φ−Ψ and T Ψ U Ψ gd = S Φ . In particular, Ψ gd is a Riesz basis.
Following Balan [1] , we say that two frames Φ and Ψ for H are equivalent frames, if there exists a bounded invertible operator Q : H → H such that ϕ n = Q(ψ n ) for all n ∈ N or equivalently Range(U Φ ) = Range(U Ψ ). Furthermore, the frame Ψ is partial equivalent with the frame Φ, if there exists a bounded operator Q : H → H (not necessarily invertible) such that ϕ n = Q(ψ n ) for all n ∈ N or equivalently Range(U Φ ) Range(U Ψ ). Observe that, in the case where Range(U Φ ) ⊆ Range(U Ψ ), then T Ψ U Φ is a right inverse of T Φ U Ψ ; Indeed, if f is an arbitrary element of H. Then, there exists h ∈ H such that U Φ S −1 Φ f = U Ψ h, and therefore
So we have the following result for equivalent frames. Proposition 2.13 Let Φ and Ψ be two frames for H such that Range(U Φ ) = Range(U Ψ ). Then Φ and Ψ are g-dual frames. In particular,
We conclude this section by the following result which is of interest in its own right. Proposition 2.14 Let Φ and Ψ be two frames for H such that
Range(U Φ ). Then Φ and Ψ are not g-dual frames. In particular, they are not approximately dual frames.
Proof. Let Φ and Ψ be two frames for H such that Range(U Φ ) Range(U Ψ ). As we saw in above discussion, this condition implies that T Ψ U Φ is a right inverse of T Φ U Ψ . Now we show that it is not a left inverse for T Φ U Ψ . To this end, assume that (c n ) n is an element of Range(U Ψ ) such that (c n ) n / ∈ Range(U Φ ). Then, there exists g 1 ∈ H and 0 = (
. This, together with the fact that S Ψ is an invertible operator, implies that S
Application to Gabor frames
In order to state the results of this section we need to recall the definition and some basic results on the duality conditions for a pair of Gabor systems which have found more and more applications in modern life, signal analysis and many other parts of applied mathematics. A Gabor frame is a frame for L 2 (R) of the form G := (E mb T na g) m,n∈Z , where a, b > 0 are given, g ∈ L 2 (R) is a fixed function, T na f (x) = f (x − na) and E mb f (x) = e 2imbx f (x) for all f ∈ L 2 (R). In view of [5, Theorem 9.1.12], the sequence G can only be a frame if ab ≤ 1, but it is not a sufficient condition. Moreover, if G is a frame and ab < 1, then there exists infinitely many g d in L 2 (R) such that we have the following reconstruction formula for each f ∈ L 2 (R)
That is, the Gabor frames G and
is the frame operator of G. There are some interesting results for duality conditions of a Gabor frame G, provided that the function g ∈ L 2 (R) has compact support, for more details see [4, 5, 6, 24] . We begin the presentation of the results of this section by recalling the following two results from [4, 6, 18] , each of which will be required in our present investigation. Then G = (E mb T na g) m,n∈Z is a frame for L 2 (R) with frame bounds m, M . Moreover, the frame operator S G and its inverse S −1 G are given by
The duality condition for a pair of Gabor systems G = (E mb T na g) m,n∈Z and
,n∈Z is presented by Janssen [18] as follows.
Lemma 3.2 Two Bessel sequences
The proof of the next theorem can be found in the paper by Christensen and Kim [6] . Then the function g d 1 and g d 2 defined by
where a 0 = b and a n + a −n = 2b for each n = 1, 2, · · · , N − 1
Here it should be noted that, Lemma 9.3.1 of [5] guarantees that there are infinitely many operator A on L 2 (R) such that it commute with E ±b , T ±a and Id L 2 (R) − A < 1, where a and b are positive real numbers; In fact, each operator of the form
gives an operator A on L 2 (R) such that Id L 2 (R) − A < 1 and it commute with E ±b and T ±a , where l is a function in L 2 (R) such that the sequence L = (E mb T na l) m,n∈Z is a frame for L 2 (R). Moreover, we should mention that if an operator A commute with E ±b and T ±a , then A and its adjoint commute with E mb and T na for all m, n ∈ Z. Moreover, we have the following example.
Example 3.4 Assume that G = (E mb T na g) m,n∈Z and G ad = (E mb T na g ad ) m,n∈Z are approximately dual frames. If we set A := T G U G ad , then Id L 2 (R) − A < 1 and by a method similar to the proof of Lemma 9.3.1 of [5] one can easily see that A and its adjoint commute with E mb and T na for all m, n ∈ Z.
Now, in view of Corollary 2.7, we have the following result for the construction of approximately dual frames associated with a given Gabor frame and given operator.
be an arbitrary dual Gabor frame of G. Suppose also that A is an operator on L 2 (R) such that Id L 2 (R) −A < 1 and it commutes with E ±b and T ±a . Then the family G ad = (E mb T na g ad ) m,n∈Z is an approximately dual frame of G for which
It is well known from [19] 
(b) Suppose that A is an operator on L 2 (R) such that Id L 2 (R) − A < 1 and it commutes with E ±1 and T ±a . Then the sequence G ad
(c) Let G = (E m T na g) m,n∈Z be a frame for L 2 (R) and let 
then the sequence G ad a,e = (E m T na g ad a,e ) m,n∈Z is an approximately dual frame of G for which
Ma,e S a,e , where e can be any positive real number such that a ≤ e ≤ 1.
Recall from [5, Section 6.1] that for each N ∈ N the B-splines B N are given inductively by 1] and
The B-spline B N has support on the interval [0, N ]. Furthermore, for each N ∈ N, the sequence G N = (E mb T n B N ) m,n∈Z is a Gabor frame with the frame operator
where b ∈ (0, 
where a 0 = b and a n + a −n = 2b for each n = 1, 2, · · · , N − 1, generate two dual frames G As an application of Proposition 3.5 with the aid of Example 6.1 of [7] one can easily obtain the following result for the second order B-spline. (11) and (12) .
(b) Let G = (E mb T n g) m,n∈Z be a frame for L 2 (R) and let G d = (E mb T n g d ) m,n∈Z be an arbitrary dual Gabor frame of G. Suppose that N is an arbitrary element of N and
Then the family G ad N = (E mb T n g ad N ) m,n∈Z is an approximately dual frame of G for which
